ISRAEL JOURNAL OF MATHEMATICS 141 (2004), 185-210

AFFINE PROPERTIES AND
INJECTIVITY OF QUASI-ISOMETRIES

BY

I. A. VESTFRID

Department of Mathematics, Technion — Israel Institute of Technology
32000 Haifa, Israel
e-mail: vestig@tz.technion.ac.il

ABSTRACT

We approximate z-quasi-isometries between finite-dimensional Banach
spaces by linear near-isometries. In this way we improve and extend a
theorem of John. We also improve results of Gevirtz on injectivity crite-
ria, for quasi-isometries. Our approach is to show that e-quasi-isometries
almost satisfy the Jensen functional equation and to use then known facts
about linear approximation of approximate solutions of Jensen’s equation.

1. Introduction

The classical Mazur-Ulam theorem [MU] asserts that a surjective isometry be-
tween real normed spaces is affine. Moreover, John [J3] showed that any local
isometry which maps an open connected subset of a real normed space X onto
an open subset of another real normed space Y is the restriction of an affine
isometry of X onto Y. The proofs are based on showing that such maps satisfy
the Jensen functional equation 2 f(%y) — f(z) — f(y) = 0 (in John’s theorem
the equation is satisfied locally), and the continuity then implies that they are
actually affine. The example of the function ¢ — (¢, [¢|) from R to [% shows that
the hypothesis that the isometry is a local homeomorphism cannot be omitted.
Note also that these conclusions are not valid for complex normed spaces (just
consider complex conjugation on C).

In this article we study the approximation of quasi-isometries by afline maps
as well as some of their other geometric properties. Throughout, X and Y are
real Banach spaces.
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Definitions: Let € > 0.

IfQC X and f: Q = Y, then at each point z of 2 one defines D* f(z) and
D~ f(x) as the upper and lower limits, respectively, of || f(z) — f(y)||/llz — y|| as
y tends to x. Following John [J2], a map of an open subset 2 of X into Y is said
to be (m, M)-quasi-isometric if it satisfies the following two conditions:

(1) f is a local homeomorphism, i.e., every point z € 2 has an open neigh-

borhood V such that f is a homeomorphism of V onto an open subset of
Y;
(2) 0 <m < D™ f(z) and D* f(z) < M for every z € Q.
f is called an e-quasi-isometry if it is an (m, M)-quasi-isometry satisfying
(1+6)™* <m < M < (1+¢), and simply a quasi-isometry if it is an e-
quasi-isometry for some ¢ > 0.
2) A map f from a subset S of X into Y is called e-rigid if

A+e) Hly -l < If @) — f@I < A +e)lly — 2l
for all z,y € S.

Note that if dim X = dimY < oo, then, by the invariance of domains, any ¢-ri-
gid mapping of an open set is a local homeomorphism, hence e-quasi-isometric.
(For geometric properties of e-rigid maps when dim X < dimY’, see [V1].)

In 1961, John [J1] proved the following local stability theorem for the case
when X and Y are the same Euclidean space.

THEOREM 1.1: Let Q be a convex domain in I} which contains a ball B(z,r)
and is contained in a concentric ball B(z,R). If f is an e-quasi-isometry in (2,
then there is a linear isometry -y such that

If(2) = f(2) = v(x - 2)|| < kn®/?cR?/r for every x € 9,
where k is a universal constant.

The following natural question is asked in [BL]: Does Theorem 1.1 hold with
an estimate independent of the dimension? Matouskova [M] has answered this
question in the negative. She constructed a norm preserving e-quasi-isometry
f of IZ" onto itself (n is about expl) such that the distance of f on the unit
ball from any affine mapping of R2” is at least 1/v/2. On the other hand, the
author has shown in 1999 that the estimate in Theorem 1.1 can be replaced by
ky/ncR?/r, where k is a universal constant. Recently this result also has been
improved by Kalton [K] to k(logn + 1)eR?/r (see also Corollary 3.6(iv) below),
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and this, by the example of Matouskova, is the best estimate for quasi-isomet-
ries between Euclidean spaces. The situation is different for other spaces, and
we show in Corollary 3.6(vi) that if I3 is replaced, for example, by % or by Iy
in Theorem 1.1, then there are universal constants k,eq > 0 so that whenever
0 < € < gg, then there is an affine isometry U such that

If(z) = U(z)|| < keR%/r for every z € Q.

Thus in this case, the approximation error does not depend on the dimension.

The main purpose of this work was to answer another question asked in [BL],
namely: whether the Euclidean norm can be replaced in Theorem 1.1 by other
norms? Since there are spaces with no non-trivial linear isometries, it does not
make sense to look for an approximation by affine isometries, and the question
is whether it is possible to approximate quasi-isometries satisfying f(0) = 0 by
linear near-isometries, i.e., by linear invertable operators T such that ||T|| - [|T7!||
is close to one. Here we use another stability, namely, the local stability of
Jensen’s equation. We show that quasi-isometries between Banach spaces belong
to a class of approximate solutions of the Jensen functional equation which we call
homogeneously approximately midlinear functions (see [V1] for a study of this
class of mappings and, in particular, on their approximation by affine maps); we
then use the results of [V1] on the approximation of such functions to generalize
John’s theorem by obtaining affine approximations for quasi-isometries between
any two Banach spaces of the same finite dimension.

Definition ([V]): Let X and Y be normed spaces, and let A be a convex sub-
set of X. Let ¢ > 0. A function f: A — Y is said to be homogeneously
g-approximately midlinear if

) - L2 e

for all z,y € A.
We shall abbreviate “approximately midlinear” by AML.

The last section of the article deals with the problem on the injectivity of
quasi-isometries.

In Section 2 we prove the Main Lemma (Lemma 2.1), which is an improvement
of [G2, Proposition 2] of Gevirtz. It follows, for example, from this lemma and
from Lemma 2.5 that an e-quasi-isometry of a ball B(z,r) is homogeneously
Ce-AML on any proper concentric sub-ball B(z,p) with C depending only on
the ratio r/p. The proof uses the technique of Lindenstrauss and Szankowski
from [LS].
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Combining the Main Lemma with some results from [V1] enables us to obtain
in Section 3 affine approximations of quasi-isometries. Then applying known
facts on closeness of linear near-isometries to isometries we show that e-quasi-
isometries (with a small €) of “nice” spaces are also close to affine isometries.

In Section 4 we use Lemma 2.1 to improve results of Gevirtz [G2] on the
injectivity of quasi-isometries defined on open convex sets or on uniform domains.

We use standard notation and terminology. As usual (z,y) and [z,y] denote
the open and closed straight line segments joining the points x and y. The
r-neighborhood of a set A is denoted by B(A,r), and we abbreviate B({z},r)
by B(z,r). For short we also write B(0,7) = B(r) and B(1) = B (or Bg when
we need to specify the space). The closure, diameter and convex hull of a set A
are denoted by A, diam A and co A, respectively. The cardinality of a set A is
denoted by |A|. The Banach-Mazur distance between normed spaces X and Y
is denoted by d(X,Y). If Banach space X has non-trivial type p, we denote by
T,(X) its p-type constant.

2. The Main Lemma

The next lemma shows that locally any quasi-isometry of an open set is homo-
geneously AML. The assertion is a modification of the Proposition in [LS], and
the proof is similar, but we need to be somewhat more careful because our map
is not defined on the whole space.

LEMMA 2.1 (Main Lemma): Let € > 0, and let f: Bx(z,7) = Y be e-quasi-
isometric. Then f is homogeneously 6e-AML on the concentric ball B(z,r/5).

We state as two lemmas some basic facts due to Nevanlinna [N] and John [J3]
(see also [BL, Chapter 14]), and we give them without proof.

LEMMA 2.2: [N] Let A be a convex subset of X, and let f: A— Y satisfy
Dt f(z) < M for all z € A. Then ||f(y) — f(z)|| < M|ly — x| for all z,y € A.

LemMA 2.3: [J3] Let B(z,r) C X, and let f: B(z,r) =Y be (m,M)-quasi-
isometric. Then

(i) mlly — x|l < f(y) - f(@)| < Mly — || for all z,y € B(z,rm/M).

(i) B(f(z),mr) C f(B(z,7)).

Proof of Lemma 2.1: Fix any z,y € B(z,7/5).
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If £ > 1/11, then by Lemma 2.2
(552 - E 2 <5 (1 (752) s + [ (F5) - )

<A +e)llz —yll/2 < bellz - yl.

Suppose now that ¢ < 1/11. By translation and scaling, we can assume that
y=-—z, f(x) = —f(y) and ||z —y|[| = 2. Under this normalization we need to
prove that ||f(0)]] < 12¢. Note that under the normalization ||z|| < r/5 and
r > 5, hence B(4) C B(z,r). Since (1 +¢)2(e¥/11 + (1 + €)?) < 4, it follows that
B((1 +¢)2(e®/" + (1 +¢)?)) C B(z,r). Hence by Lemma 2.3(i), f is e-rigid on
B(e8/M 4 (1+¢)?). In particular, f is a homeomorphism from B(e8/ + (1 +¢)?)
onto its image. Denote its inverse on f(B(e?/™ + (1 +¢)?)) by f~L.

Choose n > 0 so that 2-("t1) < 11 < 27", Then

(1+6) < (1+e)? < (1+)/018) < el/11,

Define inductively two sequences {w; }>"¢° C X and {y;}%, " C Y by wp =0

and
y2i = flwa;), Yoir1 = —f(wa),

wait1 = 7 (Yait1)s Wwoire = —fH(Y2i41)-

(That {yi}f;gtl C f(B(e¥™ + (1 4+ €)?)), ie., that f~'(y;) is actually well
defined, will follow from the inclusion (2.4) below.)

Put for k =0,...,2"*2,
e B R e

Ay = rgg»g{lfwz- -z},

5k = ma.x{

Note that Ag = 1 and that Ay = max;<ax{||w: + ||} by the symmetry of {w;}2%,
with respect to the origin. Note also that for ¢+ < 2k,

(2.1) 2wl = llw; = (—wi)]| < dz-
The following two sublemmas describe the behavior of Ay and ;.

SUBLEMMA 1: With the notation as above we have, for i < 2712,

(2.2) A; < (1+2)%,
(2.3) Yai+1 € B(f(0), (1+)* T +1+¢).
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Note that by (2.3), Lemma 2.3(ii) and by the choice of n we have, for i <
on+2 _ 1’

(2.4) yir1 € f(B((L+€)* + (L+¢)%)) C f(B(¥™ + (1+¢)%).
Thus, the sequence {f~(y;) ?;33_1 is well defined.

Proof of Sublemma 1: We shall prove the sublemma by induction on 7. Since
f(—z) = —f(x) and by Lemma 2.2,

I(=£0) = 7O < [1f(x) = FO) + [|f(=2) - FO) < 2(1 +¢).

Thus (2.3) holds for ¢ = 0; the other claim is trivial for i = 0. Assuming the
sublemma is true for some 7 < 2”2 — 1, we now prove it for ¢ + 1.
We start with (2.2). It follows from (2.4) for ¢ that

vt € F(BEM + (1+¢)%).
Write Aiy1 = ||w; —z|| for some j < 2i+2. If j < 21, then Ay = A; < (14¢€)%.
If j = 2+ 1, then wj = f~'(y2;41) and f(w;) = — f(wz;). Thus
£ (w;) = f(@) = | f{ws) = f(==)]]
and, by the e-rigidity of f on B(e¥/! + (1 +¢)?),
llw; — |l < (L+)llf (w;) — F@)Il = (1 + )|l f (was) — f(=2)l
< (1 + &) lwas + .

If j =2i+2, then —w; = f~*(y2i41) and f(—w;) = — f(wg;). Thus

f(=w;) = f(=2)l| = [|f{w2e) — f(=)]]
and consequently,

lw; — 2|l < A +e)llf(—w;) — f(=2)ll = (1 + )| f (w2:) — f(2)l
< (1 +6)2Hw% - x||

In both cases A1 < (1+¢)2A;, and (2.2) holds for i + 1.
Finally, we prove (2.3) by (2.2) and Lemma 2.2:

lly2i+s = FOO)| = | f(wair2) + O < (I f(2) = f(waip2)ll + [|f (—2) — F(O)|
< (L+e)(llwairs — =l + [lz]]) £ (1 +€)(Aiyr + 1)
<S(1+e)? 4146 1
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SUBLEMMA 2: With the notation as above

(2.5) dgm+1 > 2(1 = 2™e)dgm form=1,...,n+ 1.

Proof: Fix integers ¢ > 7 > 1 such that

S+ ] <o

We shall show that there are nonnegative integers p, ¢ so that

[P [l <]

(hence, in particular, 6[,723]+[9¥] < (5[#]“%1) and
(2.6) llw; — will < [lwg — wpll + 2edpig1y ity

We then deduce the sublemma, as follows: Fix m < n+1 and choose¢ > j > 0
such that

[i-|2—1]+[1'|2“1] <2™ and by = |jw; — wi|.

Let s be the number of times we may apply (2.6) (that is, until ¢ > 0). Then
s < [24] and we find w, with [21] < 2™ so that

Sy = Jlwj — will < [yl +2[ ]652m < By )2 + 2 Gy,

where the last inequality follows from (2.1). (Note that wo = 0 and that j <3
implies 2[2] < 2™.)

To prove (2.6) note that we can write [|w; —w;|| as || f ! (yx) —wi|| with an odd
k < j and [41] = [Z1]. Indeed, if j is odd, then |jw; — wsl| = [|f 7 (y;) — will. If
J is even, then ||lw; — w,H = |lf"Y(y;-1) — (—w;)||. Now similarly (with an odd k),
i L is even, then [1£(w) — yill = II(— F(w)) = gh-1ll = a1 — Fwn_1)], and i€
is odd, then || f(w;) — yx|| = [lyi—1 — f(wk—1)||. Hence, we can write || f(w;) — yxl|
as ||y, — f(w,)|| with an even g < j (thus [£52] < [Z2]-1), [B£2] < [2]+1 and
(2] = [4] + 1 only if p is odd. Hence p < 2"*3, and we have wp, = f~'(y,).
Then by the e-rigidity of f on B(e?/!! + (1 + ¢)?), we have

llw; = will = llwp ~ wall =l (wx) = will = llyw = f(wi)ll
+llyp = flwg)ll = 11F 7 () = wqll
<e(lf 7 (yw) — will + 1117 (¥p) — wall)

S0ty W
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We return to the proof of Lemma 2.1. We first show by induction that

11
(2.7) Ogn—rt2 < <18) (e 8/11 +1)

for each integer 0 < k <n+2.
By the definitions of 6, and A; and by (2.2), it follows that for all m < 2m+2

6m < max (A; +A;) < (1+€)*™+1.

i+j=m

Taking m = 2"+2, the choice of n gives that dynt2 < €3/11+1, i.e., (2.7) holds for
k = 0. Assume it holds for some k > 0. The choice of n gives 2(1 — 2" ~F+1g) >
2(1 —2/11) = 18/11. Hence by (2.5) and the induction hypothesis,

Bon—it1 < Bgmoira /(2(1 — 277 FH1e)) < (11/18)F+1(e¥/11 4 1),

which completes the proof of (2.7).
Note also that repeated use of (2.5) gives

(2.8) Sansz > 2L (8y — 26(Ognss + -+ + 62)).

Finally we obtain by (2.1), (2.8) and ¢ < 1/11,

17O = O - S (=FOII = 35O = flun)l € 5
< 1-4{”652 < i(52 < %(2 (n+l)62"+2 + 25(62n+1 + - +(52)) < 125,

because the first term in the parentheses is bounded by 11(e8/'1+1)e (by (2.7) and
the choice of n) and the second term is bounded by 2350 (11/18)(e/ + 1)e

(by (2.7)). |

Remark 2.4: (i) An inspection of the proof above gives also the following:
If f: Bx((x + v)/2,2||x — y||) — Y is e-quasi-isometric, then

Hf x+y f(w);rf(y)H<6€“$_y“_

(ii) The dependence on ¢ in the estimate of the Main Lemma is linear. The
next simple example shows that this is the correct dependence.
Consider the real function f given by

_J@+et, t>0,
f(t)_{t/(lj—s), £<0.
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Clearly, f is e-quasi-isometric. On the other hand, for every ¢ > 0, ¢ > 0

fO+f(=1))_ 2+¢

f(0) - 5 i 2€5t.

(iii) Gevirtz [G2] was the first to establish that an e-quasi-isometry of a ball
B(z,r) is homogeneously k(¢)-AML on some concentric sub-ball B(z, p). It fol-
lows from his result that if p < r/3, then k() \, 0 as ¢ \, 0. He used different

0.1216..

arguments and gave the estimate k() = Ce - where the constant C depends

only on the ratio r/p.

By scaling, Lemma 2.1 gives the approximate midlinearity on Bx of an e-
quasi-isometry defined on Bx (1 + §) for § > 4. The next statement extends this
result for all 6 > 0.

LEMMA 2.5: Let 0< 8 <4, and let f: Bx(1+6) =Y be e-quasi-isometric.
Then f is homogeneously 48¢/6-AML on Bx.

Proof: Fix any 7,y € Bx.
If § > 2||z —yl|, then B(%Y, 2|z — y||) C B(1 + 6) and Remark 2.4(i) applies.
(Recall that § < 4.)

Suppose that § < 2||z — y||. We shall use the following easily checked identity
(shown to me by Y. Benyamini):

Let {v;}N__y be points in a linear space. Then

(2.9) Q,O_U—L;ﬂz 3 (N—lil)(vi—gi_l#)ﬁ).
lil<N=-1

Put N = [2||z —y||/é] +1, and consider the partition {w;}} _ of the segment
[z,y] with w; = %ﬂ + 457i. It follows from the choice of N that for every
~N+1<4< N -1, ||lwig1 — wi-1]| < 8/2. Hence, B{w;,2||wit1 — wi-1]]) C
B(1 + §) and by Remark 2.4(i),

_ fwiz1) + f(wig1)
2

“m - y”
< : — W = —_
“ < 6e|lwip1 — wi—1]] = B¢ N

@10) | f@w)
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Thus we have

Hf(:vﬂ/) @)+ fy) ”

Hf(“’O) _ flw-n) + fwn) H
2 2

2
S (N = i) — L) T i)

2
i <N=1

IA

N —|:
<ty Y FID —gepe -y
l|<N-1

_ — 2
< 6el|z — y||(2”—x31” +1)< 245”1”-6L”

< By
—_ 5 y )

where the first inequality follows from (2.9), the second follows from (2.10), the
third from the choice of N, the fourth from the assumption on 4, and the last
from ||z — y|| < 2. |

Remark 2.6: (i) Note that by the same proof, we have:

Let A C X be convez with diam A < 2. Let 0 < d < 4, and let f: B(4,6) =Y
be e-quasi-isometric. Then fis homogeneously 48¢/8-AML on A.

(ii) Matouskova [M] gave a direct proof of Lemma 2.5 when X and Y are
Hilbert spaces. She used geometric properties of the Euclidean norm.

PROBLEM: We do not know whether (for 6 = 0) an e-quasi-isometric map
f: Bx =Y is necessarily homogeneously k{e)~AML on Bx with k(e) \, 0 as
e\ 0.

This would follow, for example, from an affirmative answer to the question:

Do there exist a constant § > 0 (independent of ¢) and a posi-
tive function +y(e) such that v(e) \ 0 as € \, 0 and every e-quasi-
isometry f: Bx =Y can be extended as a -y(¢)-quasi-isometry to
Bx(1+46)?

Actually, a weaker statement would suffice, namely, an affirmative answer to the
question:

Given normed spaces X and Y, do there exist positive functions
v(e) and 6(e) such that v(e)/d(e) \ 0 as € \\ 0 and every e-quasi-
isometry f: Bx =Y can be extended as a +(¢)-quasi-isometry to
Bx(1+4(e))?
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Note that when f: Bx — Y is an e-quasi-isometry, then for all z,y € Bx

Hf(xﬂ/ f()+f

H <ce,

where ¢ is an absolute constant.

Indeed, by the Main Lemma f is homogeneously 6e-AML on any ball Bx (w,t)
for which B{w,5t) C Bx. Let u,v € Bx (u # v) and denote E = span{u,v}
and fg = f|p,. Then fg is homogeneously 6e-AML on Bx(w,t) N E whenever
B(w,5t) C Bx. By [V1, Proposition 3.2 applied to fg on Bg(1/5), there is a
linear operator F: E — Y such that

Ife(e) — f(0) - Fz|| < Ce

for some absolute constant C and for every x € Bg(1/5). Certainly, the map
g = fg — f(0) — F is homogeneously 6s-AML on any ball Bg(w,t) for which
Bg(w,5t) C Bg; and it is Lipschitzian on Bg and bounded on Bg(1/5) by Ce.
By scaling and by Lemma 3.1 below, we obtain an absolute constant K such that
llg(z}|| < Ke for every z € Bg. Hence

Jr(25) - IO (22) L)

We finish the section by observing that Lemmas 2.1, 2.5 and [V1, Lemmas 2.5,
2.7, 2.8] imply that in a sense an e-quasi-isometry of a ball is “nearly affine” on
proper sub-balls.

COROLLARY 2.7: Let f: Bx — Y be e-quasi-isometric. Put, for 0 < p < 1,

6, 0<p<1/5,
’/’(/’):{4—8 1/5<p<l.

1/p—1°

Then for each 0 < p < 1, f is homogeneously ¥ (p)e-AML on B(p) and

(i)
(§) S

for every integer m > 2, {z;}0, C B(p) and \; > 0 with 1= \; = 1.
(ii) There is an absolute constant k such that if X has non-trivial type p, then

(£2e) o

for every {z;} C B(p) and X\; > 0 with 3. \; = 1.

< 2(logy(m ~ 1) + 2)3h(p) pe

k
< ST (1 [loga(p = 1) +logy Ty(X)(o)ee
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(iii) If X = Ly(u) for some 2 < p < oo, then

“f(z/\ixz) =3 Nif(z)

for every {z;} C B(p) and \; > 0 with 3" \; = 1.
(iv) Let 1 < p < 0o and M > 0. Let a sequence {u;};c1 C Bx satisfy

> b5

jeJd

< 128169(p)pe

< M|J}MP

for every finite set J C I with |J| > 2 and for every §; € {-1,1}. Let A =
@({pu;}ier). Then

“f(ZM&) =) Xif(=)

for every {z;} C A and A\; > 0 with > \; = 1.

4M
< m¢(ﬂ)ﬁ5

3. Affine approximation of quasi-isometries

The following technical lemma gives global bounds for a locally homogeneous
AML function in terms of its bound on a fixed sub-ball.

LEMMA 3.1: Let X and Y be normed spaces, and let 0 be a convex subset of X
which contains the ball B(r) withr > 1. Let g: @ — Y be a continuous function
which is homogeneously e-AML on any ball B(w,t) for which B(w,rt) C Q.
Then

(3.1) llg()ll < (Sgg gl + 4ellzl(2llz]| + 1)
y
for all z € Q.
Proof: Putting A = {|z||/(2]|z]| + 1) for every z € {2, we shall show that

(3:2) = s( ) = 29(0) - (1 = 20)g(2)| < 4eljall

xr
llel] + 1

This implies (3.1) because 1/(1 — 2X) = 2|jz{| + 1.
We shall use the following fact (see [V1, Lemma 2.5]):
If A is a conver set on which g is homogeneously e-AML, then

(3.3) llg(pu + (1 =)o) — pg(u) — (1 — u)g()|l < 2ellu — o]
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forallu,v € A and 0 < u < 1.

The proof of (3.2) will be done in two steps.

Assume first that z € B. By the assumptions ¢ is homogeneously e-AML on B,
hence (3.3) gives

0=V () 290 - (1 - 20900)

A)H~‘7(||a;||x+ 1) 1 i 790 - T 2,\/\9(“”)”
< 2(1 = Nelle|| < 2¢]|=]|.

In the second step assume that z € Q\ B. Put ¢ = ||z||/(/|z|| + 1) and
=(1—¢’)z for § =0,1,.... Then
llzj = zjaall < llzj = 251l = 11 = 1/ql¢’ ||zl = ¢/
by the definition of g. Thus z;_1,z;4+1 € B(z;,¢7). Since (1 is convex and con-
tains B(r) and z, B(z;,r¢’) C 2. Then by the assumptions, g is homogeneously
e-AML on B(z;,¢’). Now observing that z; = Az;_1 + (1 — A)z;+1 we obtain
by (3.3)
lg(z;) = Ag(@j-1) = (1 = Ng(ajr1)ll < 2ellzjo1 — 21| < de¢’.

Hence for every i > 2,

(1 = Ag(z ) = Ag(0) + Ag(z:) = (1 = Ng(zia)ll

<leg z;) — Ag(zj—1) — (1 = Ng(zji)ll < 4eq/(1 — q) = 4ell=]|.

Letting i — oo completes the proof. [ |

PROPOSITION 3.2: Let dim X = dimY = n and Q2 be a convex domain of X

which contains a ball B(z,r) and is contained in a concentric ball B(z,R). Let

f: Q = Y be an e-quasi-isometry. Then there is an absolute constant k such that
(i) For every 1 < p < 2, there is a linear operator F: X — Y such that

(3.4) |If(x) — f(2) = F(z - 2)||
< 5%(1 +In(p - 1)| + In T, (X)) min{d(iy', X), d(%, Y)}eR?/r

for every z € §) and

[ Fa
llzli

(3.5) - 1' < __(1 +{In(p — 1)] + In T,(X)) min{d(i?, X),d(I%, Y)}e
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for every © # 0.
Obviously, if
k

-1

(14 |In(p—1)| + InTp(X)) min{d(I7, X),d(I,,Y)}e < 1,

then F is an onto isomorphism.
(i) If X = I} (2 < p < ), then there is a linear operator F: 1} —Y such
that

(3.6) 1£(2) = f(2) = F(z = 2)|| < kmin{v/n,d(I%, Y)}eR?/r

for every x € €1 and

| Fal]

(3.7) el

~ 1] < kmin{v/m, d(z, Y)}e

for every x # 0.

If kmin{\/n,d(I,,Y)}e < 1, then F is an onto isomorphism.

(iii) If X = Loo(p) and Y is isomorphic to I (I} for some set I" (the spaces
are not necessarily finite-dimensional), then we have

(3.8) 1£(2) ~ f(2) = F(z = 2)|| < kd{lo(T), Y)eR? [

for every z € (1 and

|| Fe|

(3.9) I

- 1’ < kd(leo(T), Y )e

for every x # 0.
If kd{l(T),Y)e < 1, then F is an onto isomorphism.
(iv) Let 1 < p < 0o and M > 0. Suppose that X has a normalized basis {e;}?_,

satisfying

) bie;
jed
for every set J C {1,...,n} with |J| > 2 and for every 6; € {-1,1}. Put 3 =
miny~ ;=1 || 2 tiell. Then there is a linear operator F: X — Y such that

< M|JJH?

(3.10) 1) = 1)~ Plo = 2| € s
for every x € Q and

IF=l] kM
340 S oo
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for every x # 0.
If Gk—_l\_{[ﬁg < 1, then F is an onto isomorphism.

Proof: We only prove (iii). The proofs of the remaining assertions follow the
same path using [V1, Propositions 3.2, 3.4, 3.9]. We omit the details.

We shall use the next claim which follows from [V2, Proposition 1.3.6(iv)] and
is, in fact, an immediate corollary of [BK, Theorem 3.9(c)].

There is an absolute constant K so that if Y is isomorphic to loo(T) for some
setl, 2<p<xandf: ng(u) — Y is a continuous homogeneously e-AML func-
tion, then there is an affine function h: Ly(u) =Y such that

If(z) — h(z)|| < Kd(lo(T),Y)e

for all x € BLP(“).
We can assume that € < 1, because otherwise we put F' = 0 and then

I1f(@) = f()I < A +e)llr — 2]l < (1 +1/e)eR < 2¢Rr.

Lemmas 2.3(i) and 2.1 imply that f is e-rigid and that it is homogeneously
6e-AML on B(w,t), provided B(w,5t) C Q. By translation and scaling, we can
assume that 2 =0, f(0) = 0 and r = 5. Thus B(z,r) = B(b).

Since f is homogeneously 6s-AML on B, the claim above gives an absolute
constant K and a linear operator F: X — Y so that

(3.12) 1f(z) — Fz|| < Kd(lo(I'),Y)e
for every x € B. This with the e-rigidity of f imply for every z with ||z|| = 1,
MIFzll = 1| < {IFzll = [1f @)l + If @) - 1] £ Kd(Io(T),Y)e +e.

Thus, F satisfies (3.9).

Let x € Q. The function ¢ = f — F is homogeneously 6c-AML on B(w,t),
whenever B(w, 5t) C €, and Lipschitzian on . By Lemma 3.1 (with r = 5) and
by (3.12),

lg(@)ll < (Kd(loo(T),Y) + 24|lz[)2llz)] + 1)e < kd(leo(T), V) R%,

which completes the proof, since scaling yields the 1/ factor in the right-hand
side of (3.8). |

By Lemma 2.3, given an e-quasi-isometry f: Bx(z,r) - Y, its inverse map f~!
on By (f(z),7/(1 + ¢)?) is well-defined, and it is also e-quasi-isometric. So it can
also be approximated by a linear operator (from Y to X) as above. This simple
observation enables us to improve Proposition 3.2(i) for small ¢’s as follows.
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COROLLARY 3.3: Let the assumption of Proposition 3.2(1) hold, and put, for
everyl < p<2,

ColX,¥) = 25 (1+ [In(p — D] + Inmax{T,(X), T(¥))

-min{d({}, X),d(I%, X),d(I7,Y),d({%,Y)},

where k is an absolute constant from Proposition 3.2. Then there is an absolute
constant ki such that if Cp(X,Y)e < 1/2 for some p, then there is an onto
isomorphism F: X — Y so that

1£(2) = f(2) = F(z = 2)[| < ki Cp(X, Y )e R? [

for every ¢ € § and
IFIIFY| < 1+ 4CH(X,Y)e.

Proof: Put a = Cp(X,Y)e.
If

L
-1

the statement is true by Proposition 3.2(i).
If this inequality does not hold, then

a> (1+[In(p — 1)| + In Tp(X)) min{d(I}, X), d(l,, V) }e,

k
a> p—;—l(l +{In(p — 1)| + In T,,(Y)) min{d(l},, X),d(I},Y)}e.
Assume, as we may, that 2 = 0, f(0) = 0 and r = (1 +¢)*. By Lemma 2.3(ii),
f(Bx) € By(1+¢) C f(f2). As f~!is an e-quasi-isometry on By (1l + ¢),
Proposition 3.2(i) gives a linear operator G: Y — X such that

(313)  |If ') -Gyl <a(l+¢) for every y € By((1+¢))
and
(3.14) ”_HCSIJI_H - 1‘ <a foreveryy #0.

Since a < 1/2, the inverse operator F' = G~! exists and
IFME < (1 +a)/(1-a) <1+4a
Let £ € Bx. Put y = f(z). It follows from (3.13) and (3.14) that

(3.15)  [If(z) — Fall < IFNIGy - f Wl < a(1+¢€)/(1 - a) < 2a(1 +e).
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Now one can complete the proof by the same argument as in the proof of
Proposition 3.2 using (3.15) instead of (3.12). [ |

The following statement was obtained in [V2, Corollary 1.3.11], and we quote
it without proof. (The proof is a modification of Kalton’s [K], who established
it, in fact, for X =Y = E = [} as a tool in his proof that the estimate
k(logn + 1)eR?/r in John’s Theorem 1.1 is sharp.)

There is an absolute constant C with the following property: Let X and Y be
n-dimensional real Banach spaces, and let f: Bx — Y be a bounded function with
f(0)=0 and

”f :v+y (x);rf(y)”SK

for all z,y € Bx. Then for every n-dimensional real Banach space E there exists
a linear operator F with

|If (z) = Fz|| < CT2(E)?d(E, X)d(E*,Y)(Inn + 1)K

for every x € Bx.

Now similarly to Corollary 3.3, by ensuring the invertibility of the approxi-
mating linear operator from Y to X, this statement and Lemmas 2.1 and 3.1
imply
PROPOSITION 3.4: There are absolute constants ky and ks with the following
property: Let X, Y and FE be n-dimensional real Banach spaces (n > 2). Let a
convex domain ) be such that B(z,r) CQ C B(z,R) C X, and let f: 1 =Y be
an e-quasi-isometry. Put

C(X,Y;E) = Ty(E)? min{d(E, X)d(E*,Y),d(E,Y)d(E*, X)} Inn.
IfC(X,Y; E)e < ki1, then there is an onto isomorphism F: X =Y so that
1f(z) = f(2) = Fz = 2)|| < k2C(X,Y; E)eR?[r

for every x € 1 and
|| F'z]]

[l

- 1] <k C(X,Y;E)e

for every x # 0.

We can combine Proposition 3.4 with Corollary 3.3 as follows:
Let E be an n-dimensional real Banach space and put

o(E) = sup{min{d(I}, X),d(I%, X), To(E)*d(E, X)d(E*, X)}:

X is a real n-dimensional space}.
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Define for every natural n
tn, = inf{¢(E): E is a real n-dimensional space}.

COROLLARY 3.5: There are absolute constants k, and ko with the following prop-
erty: Let X and Y be n-dimensional real Banach spaces (n > 2), and assume that
In(n)ine < ki. Let a convex domain §) be such that B(z,r) CQ C B(z,R) C X,
and let f: Q@ =Y be an e-quasi-isometry. Then there is an onto isomorphism
F: X - Y so that

1f(2) = f(2) = F(z = 2)Il < k2 In(n)eneR? /1

for every z € Q and
| F'z]]

&l

- 1‘ <k2ln(n)ige

for every z # 0.

Proof: Put a = min{d(I}, X),d(I%, X),d(I},Y),d(I%,Y)}.

If a < tn, then the statement follows from Corollary 3.3, because T>(E) < /n
for every n-dimensional real Banach space E.

Otherwise, choose for every s € (0,a — t,,) an n-dimensional real Banach space
E; such that ¢(E;) < 5, + 8 < a. Then by the definition of ¢(E;),

T2(E;)?d(Es, X)d(E:, X) < U(Es) <ty + 8
and
T2(Es)*d(E,, Y)d(E!,Y) < tn + 5.
Now the statement follows from Proposition 3.4. ]

Propositions 3.2 and 3.4 and some known results in the linear theory imply
that e-quasi-isometries in “nice” spaces can be approximated by linear isometries.
(Corollary 3.6(iv) below is due to Kalton [K].)

COROLLARY 3.6: There are absolute constants K,, K3, K3, K4 and K5 and a
function n(p, s) with n(p,s) \, 0 as s \, 0 so that, whenever a convex domain Q
is such that B(z,r) C Q C B(z,R) C Iy (1<p<oo,n>2)and f: 2~} is an
e-quasi-isometry, one has:

(i) If p =1 and In{n)e < K, then there is a linear isometry W of I} such that

If(@) = £(2) - W(z = 2)|| < K2In(n)eR?/r

for every x € ).
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(i) If 1 < p < 4/3 and n®=V/?¢ is sufficiently small, then there is a linear
isometry W of [} such that

1f(x) = f(z) = W(z = 2)| < n(p,n~D/Pe) R? Jr

for every z € §.
(iii) If p € (4/3,2) U (2,4) and In(n)nl'/?=1/2l¢ is sufficiently small, then there
is a linear isometry W of I such that

1£(z) = f(z) = W(z = 2)Il < n(p,ln(n)nl/P~1/2Ie) R? /1

for every ¢ € Q.
(iv) If p = 2, then there is a linear isometry W of I3 such that

lIf(z) = f(z) = W(z - 2)ll < Ksln(n)eR?/r

for every z € (1.
(v) If4 < p < 00 and n/?¢ is sufficiently small, then there is a linear isometry
W of I} such that

I1£(z) = f(z) = W(z = 2)|l < n(p,n"/?e)R? [r

for every x € Q1.

(vi) If the source space is Lo.(1) and the target space is lo(T') for some set T’
(the spaces are not necessarily finite-dimensional) and if ¢ < Ky, then there is a
linear isometry W of Lo, (u) onto (') such that

If(2) = f(z) = W(a - 2)|| < KseR?/r
for every ¢ € Q.

This improves and generalizes Theorem 1.1.

Proof: Assume again that 2 =0, f(0) =0 and r = 1.

(i) Since T2(X) < \/n for every n-dimensional space X, it follows from Propo-
sition 3.2(i) (this time with the type p = 2) that there are an absolute constant
k and an isomorphism £ I — [} such that

|f(z) - Fz|| < kn(n)eR®

for every z € ) and

’HJZIH - 1\ < kln(n)e
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for every x # 0. Thus by Godefroy, Kalton and Li {GKL, Theorem I1.7], for
example, if kIn(n)e < 1/26, then there is a linear isometry W of I so that

(1 = kln(n)e)1F — W|| < 26(1 — kln(n)e) " *kIn(n)e.

Then W satisfies the conclusion of the statement.

(ii) Denote by {e;}j_; the standard unit vector basis of I. Then Proposi-
tion 3.2(iv) holds with M =1 and 8 = n~(»=1)/?_ Now the proof of the claim
is completed in the same path as in (i) with use of a theorem of Alspach [Al]
instead of the Godefroy—Kalton—Li theorem.

(iii) follows from Proposition 3.4 (with E = (I7)* for p <2 and E = [} for
p > 2) and Alspach’s theorem, since for every 2 < ¢ < o0, T3(l7) < ¢\/q and
d(i7, (I*)*) < Cn1/271/9, where c and C are absolute constants (see [T, p. 15]
and [T, Proposition 37.6 on p. 280]).

(iv) This case is handled easily by applying Proposition 3.4 (with E = [3) and
using then the polar decomposition.

(v) follows from Proposition 3.2(ii), d(I,;) = n!/? for 2 < p < oo and
Alspach’s theorem as above.

(vi) Recall the well-known fact that any space Lo (i) is linear isometric to a
C(S) space for some compact Hausdorff S. Now the claim follows from Proposi-
tion 3.2(iii} and the next result due to Amir [Am] and Cambern [C].

Let K and S be compact Hausdorff spaces. If there is a linear operator T of
C(K) onto C(8) such that ||fll < ITfl < 1 +&)|fIl for some 0 <& <1, then
there is a linear isometry W of C(K) onto C(S) such that ||T — W|| < 3¢. |

Remark 3.7: (i) As has been shown by Matouskova [M] and Kalton [K], the
estimate in Corollary 3.6(iv) is sharp.
(ii) In the simple case when X =Y = R, an e-quasi-isometry

filz=r,z+r) — R
is e-rigid in its domain. Hence, the linear isometry
Fz = zsgn(lim(f(z +1) - f(z - 1))

satisfies

If(2) = £(z) = F(z = 2)[| < ell]].
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4. Injectivity of quasi-isometries

Following tradition, we use here the notation of (m, M )-quasi-isometries instead
of e-quasi-isometries, and we set g = M/m. (Note that if f is an (m, M)-quasi-
isometry, then f/vMm is (y/M/m — 1)-quasi-isometric, and y = (1 +¢)? for an
e-quasi-isometry.) Recall first some definitions (cf. [G2]).

For a given connected open subset U of a Banach space X, we define p(U)
to be the infimum of all p for which there exists a noninjective (m, pm)-quasi-
isometry from U into some Banach space Y.

We say that U C X is (r, Rj-convex if it is open and convex and B(z,r) C
U C B(z,R) for some z € X. We also definefor 0 < 7 < 1

po(r) = inf{uo(U): U is (r, R)-convex,r/R > T}

and po = po(1). (Note that ug(r) is unchanged if we only take /R = 7 in its
definition, since if U contains B(z,r) then it contains B(z,r’) with r’ < r.)

The following concept was introduced by Martio and Sarvas [MS], but the
formulation given here is taken from Gevirtz [G2]. We say that an open subset
U C X is an (a,b)-uniform domain if any two points z,y of U may be joined
by a curve C' C U with the following properties:

(1) C has finite length L < allx — y]l.

(2) If 4: [0,L] — X is the arc length parameterization of C, then

B(vy(t), bmin{t,L —t}) C U for all t € [0, L].

In this section we shall establish that the function uo(7) behaves linearly near
zero. We shall obtain also lower bounds for uo(l7), where U is an (a, b)-uniform
domain. We shall use some arguments of Gevirtz [G2] and our Main Lemma. It
is evident that the function po(7) is non-decreasing and that for every bounded
domain U, uo(U) < po. Gevirtz [G1] showed that o > 1.114. .. (this is the best
known estimate).

Let e = (1,0) € 2. Then the map f: B(e,1) — I2, given in polar coordinates
by f(r,0) = f(r,af), is (1, a)-quasi-isometric, but is not injective when a > 2.
It follows that po < 2, and we shall thus restrict ourselves, mainly, to (m, um)-
quasi-isometries with u < 2.

The next lemma is just a reformulation of Remark 2.4(i) to the language of
(m, M )-quasi-isometries.

LeEMMA 4.1: Let X and Y be Banach spaces. Let x,y € X, and let

fiB((z+9)/2.20lz —yl) =Y
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be (m, M )-quasi-isometric. Put y = M/m. Then

Hf(a:+y) f(x)+f(y “ <6( \jﬁ)Mllz—yll-

Using Lemma 4.1 and arguments of Gevirtz [G2] one can obtain

PROPOSITION 4.2: Let X and Y be Banach spaces, and let 0 < m < M with
p=M/m<2

(i) Let z,y € X,4 > 0, and let f: B([z,y],d) — Y be (m, M )-quasi-isometric.
Then

1f(2) = FWIl 2 m(1 - 48(n — Vi)llz — yll/8)llx — yll.

(ii) Let U C X be an (r, R)-convex domain, and let f:U =Y be (m, M)-
quasi-isometric. If

(4.1) 384(u — /u <t/R,

then f is injective.
(iii) Let z,y € X, 6 > 0, and let C be a curve of length L joining z to y. Let
f: B(C,6) — Y be (m, M)-quasi-isometric. Then

£ (@) = F@Il > m(llw — yll - 360(u — /i) L?/6).

(iv) Let U C X be an (a,b)-uniform domain, and let f: U — Y be (m, M)-
quasi-isometric. If

(4.2) 1+ 6480(p — /m)a® /b < 2,

then f is injective.

The proofs of these statements are exactly the same as the proofs by Gevirtz
of Lemmas 10, 11 and Theorems 1, 2, 3 and 4 in [G2, pp. 313-317]; the only
distinction is the use of Lemma 4.1 instead of Proposition 2 from [G2, p. 313).
We refer the reader to this article for details.

COROLLARY 4.3: Denote the unique solution of the equation
384(s—s)s=1T

by s,. Then
(1) “O(T) Z Sr.
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(ii) po(r) > 1+ k7, where k = (/5] +1)/384s1° = 5, — 1 ~ 0.0052.

Proof:  Since (t — \/t)t increases for t > 1, every p, such that 1< p < s,
satisfies (4.1) for r > 7R. Hence, (i) follows by the definition of ug(7r) and
Proposition 4.2(ii).

Similarly, (v + 1)/t'® decreases for ¢ > 0, hence

s +1
= — <1
k7_38415 1 for0<r<1
Thus s, > 1+ k7, so (ii) follows from (i). |

Remark 4.4: Corollary 4.3(ii) answers a question of Gevirtz: In [G2, Corollary]
he showed that po(7) > 1+ k;7%2 with k; &~ 1.7(10)1° and ks = 8.22, and posed
the question (see [G2, Remark 3]) whether it is possible to take k; = 1 with a
suitable value of k;.

That k2 cannot be smaller than 1 follows from the next example of John [J5]:

For a given ¢ > 0, consider the mapping h of {2 into itself, given by the
exponential function

h(z) = e**/e

of a complex variable z. Direct computations show that h is (e7¢, €¥)-quasi-iso-

metric in the strip |Re z| < 1. On the other hand,

h(zgz) =1 ho),

that is, h is non-injective on U = co(B U {2Z7}). Therefore,

26 —
uo(z ) < po(U) < €% =1+ 2 + ofe).

Note also that John [J5] obtained uo(7) > 1+ C7 with some absolute constant
C for the case when both spaces X and Y are Hilbertian.

Remark 4.5: It follows from the definition of (a, b)-uniform domains that a > 1.
Also, it follows from the definition that for bounded domains b < 1. Indeed,
suppose that points z,y lie in a bounded (a, b)-uniform domain U with b > 1.
Let ~:[0,L] — X be an arc with 4(0) = z and y(L) = y, and note that
z,y € B(v(L/2), L/2). By the definition, U O B(y(L/2), bL/2), and this ball
contains the balls with radius (b —1)L/2 > (b—1)||z — y||/2 centered at z and y.
But this is impossible when ||z — y|| &~ diam U.
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Note that B;_ is a bounded (1,1)-uniform domain, while in a Hilbert space
the only (1, 1)-uniform domain is the whole space.

Proposition 4.2(iv) with Remark 4.5 imply

COROLLARY 4.6: Let U be an (a, b)-uniform domain. Denote the unique solution

of the equation
‘ 5+ 6480(s — v/s)a?/b =2

by s(a,b). Then

(i) wo(U) 2 s(a,b).
(ii) If U is bounded, then

po(U) > 1+ ks where k = 2=l ¥ 8(2&11,)5 S = 5(1,1) ~ 1% 0.00031
Proof: (i) Since 1 < s(a,b) < 2 and t + 6480(t — v/t)a?/b increases for all
a,b>0andt > 1, then given a,b > 0, every u, such that 1 < u < s(a, b), satisfies
(4.2) with these a and b. The assertion follows by the definition of u(U) and
Proposition 4.2(iv).

(i) It follows from Remark 4.5 that there is no bounded (a, b)-uniform domain
with a%/b < 1. Since s(a,b) < s(1,1) for a®/b > 1 and (2-t)(VE+1)/vt
decreases for 0 < t < 2, then

_ 1
b 2ms@b)Vs@b +1b o
a2 6480 s(a,b) @°

for such a and b. Hence s(a,b) > 1+ kb/a?, so (ii) follows from (i). 1

Remark 4.7: As U from Remark 4.4(i) is (2,¢/(4m))-uniform (more precisely,
any domain V = co(BU V), where V is a small neighborhood of the point Iy,
is (2,¢/(4n))-uniform), then the linear dependence on b/a? in the estimate of
Corollary 4.6(ii) is sharp.
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